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ROUGHLY speaking, a smooth vector field is finitely determined for topological conjugacy at a 
singularity if its conjugacy class contains some finite Taylor approximation. Finite 
determinacy is one criterion for the existence of conjugacies between smooth planar vector 
fields. This criterion can fail at a singularity only if the vector field is either P-flat or not 
sufficiently smooth. In both situations we construct specific examples of singularities. not 
rotation points, that are topologically equivalent but not conjugate. In addition, we 
determine a useful necessary and sufficient condition for the conjugacy of a large class of 
singularities. This allows for a simple characterization of the resulting conjugacy classes. 
IYI’RODUCTION 
The qualitative behavior of vector fields in a neighborhood of an isolated singularity has 
attracted a great deal of research. Andronov et al. [l] provided necessary and sufficient 
conditions for a pair of singularities of systems having at most finitely many separatrices to be 
locally topologically equivalent. In more recent work, Dumortier [3] gave sufficient 
conditions for the local conjugacy of such singularities. A conjugacy is a topological 
equivalence in which the time parameter is preserved as the homeomorphism maps orbits to 
orbits. None of the cited work has dealt with the problem of how the conjugacy classes might 
be arranged within a given topological equivalence class. Indeed, can one even find a pair of 
smooth vector fields that are topologicnlly equivalent but not conjugate in the vicinity of an 
isolated singularity thar is not a roration point (i.e. which has a neighborhood containing no 
closed orbit)? 
The answer is affirmative; in Section 3 we shall prove the following result (cf. Theorem 
3.11: 
THEOREM A. There exists a C” smooth planar vectorfield X, bvith an isolated singularit! at 
the origin, that is not a rotation point, and a smooth resealing Y of X. such that Y is not conjugate 
to X in any neighborhood of the origin. 
The results in [3] imply that for such a pair to exist. X and Y must both have a hyperbolic 
sector and at least one of X or Y is not finitely determined. Finite determinacy can fail at the 
singularity only if the given vector field is either C”-flat or is simply not sufficiently smooth. 
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In Section 3 we construct examples of both kinds of behavior in specific pairs of 
nonconjugate hyperbolic sectors. The construction of the resealing function F(x, ,v) in 
Theorem A, whereY = FX, is rather delicate. The object is to fashion F(x, y) in such a way so 
as to alternately speed up and slow down the solution curves-infinitely often-all the way to 
the origin. If the magnitudes of these velocity changes are suficiently large, then one can infer 
(as in Theorem B below) that no conjugacy between X and Y is possible. The difficulty is that 
unless one exercises great care, the resultingy may not be smooth at the singularity. Another 
approach might be to write down, in closed form, some F(x, JJ) in terms of familiar elementary 
functions. While the smoothness i  now easy to check, it is nontrivial to verify that such a Y is 
nonconjugate to the original X. In fact, one would have to reiterate some version of the 
argument already presented in Section 2. 
Given Theorem A, one would like to determine a simple geometric or analytic 
characterization of the conjugacy classes within a particular collection of topologically 
equivalent vector fields defined in a neighborhood of a singularity. As we mentioned above, it 
is known [l] that two singularities (with finitely many separatrices) are topologically 
equivalent if and only if the geometric onfigurations of their respective sectors is the same. It 
is not difficult to verify that the same result continues to hold for topological conjugacy 
provided a neighborhood of the singularity contains no hyperbolic sectors. Given any 
hyperbolic sector, we may find transverse one-dimensional sections bounded on one side by, 
respectively, the stable and unstable separatrices. The transit time map is then the time of flow 
between the sections and may be parametrized by points along the initial section. In Section 2 
we shall prove the following theorem (cf. Theorem 2.4): 
THEOREM B. Two isolated singularities, which are not rotation points and hacr at most 
finitely many separatrices, are locally conjugate if and only if the following hold: 
(1) the singularities have the same configuration of sectors, and 
(2) the transit time maps between local sections of corresponding hyperbolic sectors are, up 
to a reparametrization of the initial section,“asymptotically the same”. 
(See Section 2 for a rigorous discussion and statement.) 
Whereas condition (1) of the theorem only gives rise to a countable number of possible 
configurations, condition (2) implies that there is a continuum of distinct conjugacy classes of 
singularities having the same set of nearby paths! In particular, if for a given vector field Y, the 
transit time map is not “asymptotically monotone” (Section 2) thenycannot be conjugate to 
a linear saddle. 
We close by pointing out one bizarre consequence of Theorem B: every resealing by a 
constant of such a vector fieldY lies in a distinct opological conjugacy class (see Remark 2.10). 
This is reminiscent of the effect of such resealing in a neighborhood of a closed orbit. It also 
brings to mind the result of Palis [6] that there is a one-parameter family of vector fields that 
are equivalent, but not conjugate, on a neighborhood of a saddle-connection joining 
hyperbolic singularities (on a two-manifold), and that this family can be constructed by a 
similar sort of resealing of a given vector field “supported” near one singularity. 
$1. PRELIMINARIES. 
In this section we specify notational and other conventions, define various technical terms 
or give references for them, and cite certain results that we need. 
Any reference to the interior of a set C that is a simple closed curve in the plane u-ill mean 
the bounded component of its complement, and be denoted Int(C). The topological closure 
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of a set S will be denoted Cl(S), and topological boundary denoted Bd(S). V,(S) will denote 
the set (pldist(p, S) < a). 
Unless otherwise stated, all vector fields will be assumed to be defined on an open subset 
of ?,‘, and C’ for r 2 1 (hence possibly C” or real analytic). If 
we will also let X denote the associated dynamical system i = P(x, y), _? = Q(x, y); ~,~(t, p) 
will denote the local flow generated by X, and o.~(P) [respectively o,;(p), o.;(p)] the path (also 
called the orbit) [resp., positive semi-path, negative semi-path] of p (all three sets contain p). 
A singularity ofa vector field X is a pair (p, G(X, p)) where p is a point at which X vanishes 
and G(p, X) is the germ of X at p, i.e. the set of all vector fields that agree with X on a 
neighborhood of p. However, we will speak of p itself as the singularity, or say that X has a 
singularity at p. The singularity of X at p is isolated if it is the only singularity of X in some 
neighborhood of p. It is a rotation poinr if every neighborhood of p contains a closed path. 
A srable separatrix of a singularity p is an orbitally unstable positive semi-path tending to 
p. (A positive semi-path o.:(q) is orbitally unstable if it is bounded (contained in a compact set) 
and if there exists a number E > 0 such that for no 6 > 0 is it true that r E N,(q) implies 
o.;(r) c V,(o.cq). An unstable separatrix of a singularity p is an orbitally unstable negative 
semi-path tending top in backward time. A separarrix ofp is a stable or unstable separatrix of 
P. 
X has a characteristic orbit at p if there is a semi-path tending to p in a definite direction; 
that is, if coordinates are chosen so that p = (0, 0), and if the semi-path is a positive 
[respectively, negative] semi-path expressed in coordinates as c(t) = (x(r), y(t)), then setting 
Ic(t)l = [x(r)’ + y(t)‘]“‘, the limit of 
in S’ must exist as t [respectively, - t] increases without bound. 
Suppose vector fields X and Y are defined on open sets ci and V, and generate local flows 
~(t, p) and p(f, p) that are defined on open intervals I(p) and J(p) about OEW, respectively. X 
and Y are topologically equiualenr if there exists a homeomorphism h: CJ + V such that for all 
p~ci, o,(h(p)) = h(o,x(p)) (as sets). X and Y are topologically conjugare if the equivalence 
homeomorphism h can be chosen so that, for all PEU, for all tar@) nJ(h@)), ,u(r, h(p)) 
= h(q(t, (p)), in which case h is termed a topological conjugacy. If p and LJ are isolated 
singularities of X and Y, respectively, then X and Y are topologically equivalent [conjugate] on 
neighborhoods of p and q if there exist open neighborhoods M ofp and N of q such that X has 
no singularity but p in M,Y has no singularity but 4 in M, and XlM is topologically equivalent 
[conjugate] to YIN. We also say that the singularities are equivalent [conjugate]. 
We assume familiarity with the meanings of the following technical terms: closed regular 
elliptic [hyperbolic, r- or w- parabolic, parabolic] region; canonical closed curve about, 
canonical neighborhood of, and local scheme of an isolated singularity; contact of a vector 
field with a smooth arc; smooth arc without contact. Our usage conforms to that in the 
treatise of Andronov et al. [l], in which precise definitions may be found. The reader is 
cautioned to distinguish between elliptic, hyperbolic, and parabolic secrors with respect to a 
simple closed curve, and corresponding closed regular regions; precise definitions of sectors 
are given in Hartman [4, SVII.81. In general, the interior of a simple closed curve that 
surrounds a unique singularity (not a rotation point) decomposes into finitely many sectors 
and paths bounding them, but there may be up to countably many disjoint regular regions in 
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Fig. I. Canonical closed curve and regular regions. 
any sector. Figure 1 illustrates some of these concepts. The heavy curve is a canonical curve 
about p,, (enclosing a canonical neighborhood); all its sectors are regular regions (E is elliptic, 
H hyperbolic, P parabolic). 
If 1 is a (simple) arc without contact (transverse arc), say Z = {s(t)10 I t I l;, and 
a, bEI, we will employ the notation [a, b] = (s(t)ls- ‘(a) 5 t I s-‘(b):, (n, b] 
= {s(t)lS-‘(a) < t I s-‘(b)), and so on. We will also term an arc like [a, b] in Fig. 1 the 
entrance section of the corresponding regular hyperbolic region, and an arc like [ti, 61 in 
Fig. 1 its exit section. The semi-path o,:(u) [respectively, o;[ZJ will be termed the stable 
[respectively, unstable] sepuratrix of the region. The function ~:[a, b] + R’ defined as the 
unique least positive time (= change in t-parameter value) to flow from a point on the 
entrance section to the corresponding point on the exit section will be termed the transit-time 
map. The map r is continuous, and properly diverges to infinity as a is approached along Z. 
Proofs of theorems on the decomposition of the interior of simple closed curves into 
sectors, the existence of canonical closed curves about isolated singularities, and the existence 
of certain arcs without contact used below can be found in Andronov [l] and Hartman [4]. 
Finally, if the vector field 
II 
X(X,Y)= W,Y~;+QW)~ 
has an isolated singularity at (0, 0), then X is said to satisfy a Lojusiewicz Inequulit_v at (0,O) if 
there exist positive constants C, 6, and k such that 
1(x, y)l < 6 implies 11X(x, y)ll 2 Cl@, dIk, 
where 1(x, y)l = (x2 +y’)“’ and I/X(x, y)II = (P(x, Y)~ + Q(x, L,)‘)~‘~. 
When X is C”, failure to satisfy an inequality of this type implies an existence of a C” curve 
along which X is infinitely flat at (0,O) (see [2], Theorem 8.3). 
$2. CHARACI-ERIZATION OF TOPOLOGICAL CONJUGACY. 
In this section we characterize topological conjugacy of vector fields on neighborhoods of 
singularities that are not rotation points and have at most finitely many separatrices. We 
begin by stating and outlining the proof of a known fact. 
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PROPOSITION 2.1. Let G, and G? be closed, regular x-parabolic [w-parabolic, elliptic] 
regions for systems X, and X2. Then there is a topological conjugacy h between X, IG, and 
X2 IGz. .Woreocer, an_v homeomorphism h: Bd(G, 4 Bd(G?) rhat is a conjugacy (where this 
makes sense) extends to a conjugacJ h: G, --* G,. 
Proof. We write just qi(r, p) for the flow generated by Xi, i = 1, 2. 
Let G, and G2 be closed, regular a-parabolic regions for systems X, and X2, whose 
boundaries are composed of arcs without contact Ci = [ai, bi], corresponding negative semi- 
paths Of Ui and bi and singular points Ci, i = 1, A. 7 If h is not already specified on xi, then it may 
be taken to be any homeomorphism of II onto x2. Then for any pi EL and t I 0, define 
h(ql (t, p)) to be ryz(t, h(p)), and set h(c,) = cl. Then his a conjugacy that extends the one on 
Bd(GI), if it was already defined. 
The case that G, and Gz are w-parabolic regions is treated the same way. Hence, suppose 
G, and G, are elliptic regions containing singular points cI and c2. If h is not already specified 
on Bd(G,), define it there by setting h(c,) = c2. Then choose any regular points 
p1~Bd(GI).p2~ Bd(G,). set h(p,) = p2, and, for tE 9, set h(q,(t, pl)) = q2(t, p2). If h is 
defined on part of Bd(G,), extend to the remainder of Bd(G,) in the only way possible. Next, 
for i = 1,2, choose a simple arc Ci joining pi to ci that is in Int(Bd(G,)) except for its 
endpoints, and that makes contact with Xi only at ci. Choose a sequence (pimj),Tz 1 in Zi 
converging monotonically along Ei to ci. For i = 1,2, Gi is decomposed by Bd(Gi), I&, and 
u ,?= 1 ~,~,(p,,~) into countably many closed parabolic regions, disjoint except along their 
boundaries. Then h extends to a homeomorphism of Zi onto C,, such that h(p,.j) = pz.j for 
all j, hence, by extension to corresponding closed regular parabolic regions, to a topological 
conjugacy from G, onto G,.m 
A feature of regular hyperbolic regions not shared with regular elliptic or parabolic 
regions is that points far from the singularity may pass near it under the flow, then move far 
away again. Thus, while any homeomorphism of the entrance section of one closed regular 
hyperbolic region onto that of another will always induce a conjugacy between the 
corresponding open regions (or, strictly speaking, neighborhoods of the critical points in the 
open regions), the conjugacy need not extend to a homeomorphism of the unstable 
separatrices. The next proposition can be viewed in two ways. On the one hand (if, for 
example, we know that the regions arise from locally conjugate vector fields), it provides a 
necessary and sufficient condition that a homeomorphism of the entrance sections induces a 
conjugacy which extends to a conjugacy of neighborhoods of the singularities in the closed 
regions. On the other hand, any homeomorphism g: C, -+ Ez of the entrance sections of two 
closed regular hyperbolic regions G,, G2 is nothing other than s;’ o s1 for some choice of 
parametrizations, si: xi + [0, 11, i = 1, 2, of Z, and x2 (say with s;’ (0) on the stable 
separatrix). Thus regarding ~~ and ~~ as maps from (0, 1] to R+, the proposition states that G, 
and G, arise from locally conjugate vector fields if and only if, for correct choice of 
parametrization of the entrance sections, and a time-t shift of one exit section, the two transit- 
time maps are asymptotically equal. Regarded in this way, the proposition is intuitively clear. 
PROPOSITION 2.2. For i = 1,2, let Gi be a closed regular hyperbolic region with singular 
points Ci, entrance section Zj = [ai, bi] (for rvhich o,Gi(ai) c G,), and transit-time maps 5;. 7+hen 
there exists a topological conjugac) of X, and X, from a neighborhood of cl in G, onto a 
neighborhood of c1 in G2 if and only if there exists a homeomorphism g of a neighborhood of 
a, EZ~ onto a neighborhood ofa in I2 such that lim [am- rz(g(p))] (PEE,) exists and is 
P’“I 
finite. 
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Proof. We write just ai(r, p) for the flow generated by Xi, i = 1, 2. 
For i = 1, 2 let 2, = [&, gi] be the exit section for Gi. 
First suppose there exist relatively open neighborhoods li, and c’, of cl and c2 in G, and 
G,, respectively, and a topological conjugacy h: U, -+ Liz. Then a homeomorphism g of a 
neighborhood of a, in x1 onto a neighborhood of a2 in Ez is induced by h and the local flows. 
Let (pl.j) j”= 1 be any sequence in x1 converging to a,, and let (~l.j) T= 1 be the sequence 
induced in zl, converging to a’,; that is, e1.j = VI tr,(P,.j), P1.j). Let P2.j = g(p,,j) and 62.j 
= q2(T2(p2,j)r~2.~) be the sequences induced in C, and r2, converging to a, and a’,, 
respectively. 
Choose R > 0 > S SO that r~2(R, U~)E Ui and qI (S, ~i)E Ui for i = 1,2. Define g, O, and, 
for J sufficiently large, (bj)lc_, and (Wj);, by the equations 
v-2(~~> 1lzUCa2) = M'II@, al)), 
V2(aj, v~(R P2.j)) = I~(vI(R, Pl.j)X 
~2(0,~2(S,~2))=h(~l(S,~1)), 
and 
By continuity of solutions in initial conditions, lim aj = CT and lim Oj = o. 
j - 3) j- X 
Then for j sufficiently large, every step in the following chain of equalities is valid: 
= ‘/2(51(Pl.j)-52(62.j)+S+cj~ F2.j) 
Comparing the first and last terms, we see that for j sufficiently large. r1 (pl.j) - r2 (g(p1.j)) 
= ‘I-‘j-CJjv SO that Fimrn Cr,(P,,j)--2(g(P,,j))I exists and is o-c. Since (P~,~) jZl was 
arbitrary, necessity is established. 
Now suppose a suitable homeomorphism g exists so that lim [s,(p) - r,(g(p))] exists, 
P-a, 
say with value L. Define h on the positive X,-semi-path of al by hvi(t, al)) = v2(t, ~12) and on 
the negative X1-semi-path of a’l by h(ql (t, Gl)) = v2(t + L, 52). Set h(c,) = c2. For p Edom (g) 
cC,andt~[O,5~(p)-L~l]defineh(r~,(t,p))as~,(t,g(p)).ThereisaneighborhoodS,of 
a, in x1 so that if pe S,, then h is defined at q1 (t, p) for all t E [0, TV - L - 11. Hence h as 
defined is a bijection of a neighborhood CT, of c1 in G, onto a neighborhood of c2 in G2. 
Clearly h is a homeomorphism of U, - [o,,(E,) u {cl ).I onto its image. 
To demonstrate continuity of h on a neighborhood of c, in the negative X,-semi-path of 
a’, , let T < - L - 3/2 be given and (qj) j”= 1 a sequence in G, converging to 4 = ~1~ ( T, Gl). The 
only case of interest is that in which, for sufficiently large j, qj = qI (fj, pj) for pj E Z, . In such a 
case (s(pj)- ‘j),2J converges to -T. Setting Lj = T, (pj)- r2(g(pj)), we have. for j large 
enough, 
h(qi) = h(V, (rj, Pi)) 
= V2ttj, g(Pj)) 
= V2(tjer2k7(Pj)), ‘!2(T2(9(Pj)XY(Pj))) 
= V2ttj - r2(Pj) + Ljv V2(T2(g(Pj))* g(pj)))> 
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which tends to q2( Tt L. ciz) = h(q). The continuity of h at cl. hence the bi-continuity of h. 
follows immediate1y.U 
LEMMA 2.3. For i = 1. 2. ler Si be a hyperbolic sector rtith no elliptic portion, of a simple 
closed curve Ci. for bvhich Ci u Int(C,) contains a single singularity ci of system X,. Then the 
existence or nonexistence of a homeomorphism g so that lim [7,(p) - r2(g(p))] exists and is 
finite independent of the choice of closed regular hJperbil;J’regions in C1(SI) and Cl(S2). 
Proof: This fact follows directly from the continuity of solutions in initial conditions. and 
the fact that the correspondence maps, induced by the flows of X, and X,, between sections 
of the stable and unstable separatrices in Cl(S,) and Cl(S?), are homeomorphisms.a 
THEOREM 2.3. Let c, and c2 be isolated singularities of X, and X,, neither one a rotation 
point and each hating at mostfinite1.v many separatrices. Let C, and C2 be canonical closed 
curves surrounding c1 and cl. Then X, and X2 are topological/y conjugate in neighborhoods of 
cI and c2 if and only if 
(i) the! are topologically equicalent on Int(C,) and Int(C,), and 
(ii) there is a correspondence betbveen the sectors of C, and C2, in cyclic order, so that in 
corresponding closed hyperbolic regions (= closure of hyperbolic sectors of C, and C,), with 
entrance sections E = [a, b] and Z’ = [a’, b’], and transit-time maps s and Y, there is a 
homeomorphism g of a neighborhood of a in C onto a neighborhood of a’ in C’_ such that 
lim [r(p)-r’(g(p))] (PEE) exists and isfinite. 
p-0 
Proof. If X, and X2 are topologically conjugate in neighborhoods of c1 and c2, then the 
schemes of sectors in C, and C2 are the same, so (i) holds. Validity of (ii) follows from 
Proposition 2.2 and Lemma 2.3 (note that this follows even if the domain or range of the 
hypothesized conjugacy is a proper subset of Int(C,) or Int(C,)). 
Conversely, suppose (i) and (ii) hold. By (i), C, u Int(C,) and C, u Int(C,) decompose 
into finitely many closed regular elliptic, hyperbolic, and parabolic regions, which intersect 
only along null solutions [4] that lie in their boundaries, and which are in identical cyclic 
order. If there are hyperbolic regions, choose a correspondence of sectors of C, and C2, in 
cyclic order, specified by (ii). 
Beginning with a pair of corresponding hyperbolic sectors, say S, c Int(C,) and 
S, c Int(C,), we use g and the procedure in the second half of the proof of Proposition 2.2 to 
obtain a conjugacy in neighborhoods of c1 and c2 in the corresponding closed regular 
hyperbolic regions Cl(S,) and Cl (S,). If, however, the value of the limit in hypothesis (ii) is 
nonzero, it will not be true that the conjugating homeomorphism so obtained will both (a) be 
defined on a neighborhood (in Cl (S,)) ofthe unstable separatrix in Cl (S,) and (b) map onto 
a neighborhood (in Cl (S,)) of the unstable separatrix in Cl (S,). Neither will the conjugating 
homeomorphism carry one exit section to the other. This will entail replacing C, and C2 by 
canonical closed curves C; c Int(C,) and C; c Int (C,). The cyclic schemes of sectors are 
unchanged. 
IF the next pair of sectors in order are elliptic, the homeomorphism induced on arcs of 
their boundaries is a conjugacy, and extends to a conjugacy of the rest of their boundaries in a 
unique way. By Proposition 2.1, it extends to a conjugacy of the elliptic sectors. If the next 
pair of sectors are parabolic, we choose any homeomorphism of their arcs without contact 
(now in C’, and C;), inducing a conjugacy of the sectors. Lastly, if the next pair of sectors are 
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hyperbolic, the procedure of Proposition 2.2, applied to -XL and -X2 in these regions. 
conjugates X, and X1. 
It is clear that the procedure can always be continued from one pair of closed regular 
regions to the next pair in order, since the homeomorphism that must be extended to the 
latter pair is defined only on an arc of their boundaries, and is a conjugacy there. However. 
extending from elliptic and hyperbolic sectors may require changing the canonical closed 
curves, since distinguished points (points common to the boundaries of two sectors) must be 
preserved by the conjugacy. 
If the last pair of sectors in cyclic order are elliptic, say E, and E,, then to insure that the 
construction closes we require that every choice of canonical curves be such that the induced 
homeomorphism from Bd(E,) to Bd(E,) carry the two distinguished regular points on 
Bd(E,) (c and d in Fig. 1) to the corresponding points on Bd(E,). 
If there were no hyperbolic sectors, the construction of the conjugacy could be begun at 
any pair of corresponding parabolic sectors, with the same requirement on the choice of 
canonical closed curves to insure that the construction can be finished.m 
Remark 2.5. The validity of condition (i) in the statement of Theorem 2.4 is independent 
of the choice of C, and C,, and holds precisely when the type and cyclic order of the sectors of 
C, and Cz are identical (i.e. when the pictures “look the same”). The proof appears in chapter 
VIII of Andronov [l]. 
Remark 2.6. The requirement that there be at most finitely many separatrices is a weak 
one, and is necessary to insure that Xi “possess a topological structure” at ci (cf. Andronov 
[l], 95.2), for otherwise there could exist a nested sequence N, 2 N, 3 . of neighbor- 
hoods of ci such that Xi lNi is not topologically equivalent, on any neighborhood of ci, to 
Xi INj, whenever i + j. See sections 5.3 and A9.4 of Andronov et al. [l]. 
A general rotation point need not possess a topological structure. 
We now determine when Xi and X, are topologically conjugate, in neighborhoods of 
singular points in closed, regular hyperbolic regions, in the important special case that the 
transit-time function in one region is monotonic. This characterization is the basis of the 
examples in Section 3. 
Definitions 2.7. Letf: (0, I] + 4’ be a continuous function such that lim f(s) = + x. 
r-o+ 
(a)fis asymptotically monotonic if there exists a continuous monotonic function g: (0, l] 
-+ Z+ such that ,]‘y+ [f(s)-g(s)] = 0. (b) f IS uniformly non-monotonic if there exist a 
number A > 0 and sequences (lj) y= 1 and (rj) y= 1 in (0, I] converging monotonically to 0, 
such that for all j, rj+ 1 < 1 j < rj andf( rj) -f( 1 j) 2 A. (Loosely, in every neighborhood of 0 
the graph off contains a “wave” (reversal of order) of depth at least A.) 
LEMMA 2.8. Letf: (0, l] --f !? + be continuous and satisfy lim f(s) = + x. Thenffails to be 
s-o+ 
asymptotically monotonic if and only if f is uniformly non-monotonic. 
Proof omitted. 
PROPOSITION 2.9. For i = 1,2, let G, be a closed regular hyperbolic region of a uecrorfield Xi, 
wirh singular points ci, entrance section Ii = [ai, bi] (for which o$,(ai) c GJ, and transit-time 
map TV. Let si: Zi -+ [0, l] be a parametrization with si(ai) = 0. Suppose there exists d > 0 sucli 
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thatr,0s;‘:(O,l]+R * is asynptorically monotonic on (0, 6). Then there exists a topological 
conjugacy of X, and X, from a neighborhood of cI in G, onto a neighborhood of c2 in G, if and 
onlyif52~s;1: (O,l]-+R + is asymptorically monotonic. 
The conditions on ri o s;’ and r2 o s;’ are, of course, independent of the choice of 
parametrizations si and s2. 
Proof: To simplify notation we write simply s for r1 o s;’ and r’ for rz o s;‘. 
Suppose Xi and X, are topologically conjugate on neighborhoods of ci and c2 in G, and 
G2, but that r’ is not asymptotically monotonic. Then by Lemma 2.8~’ is uniformly non- 
monotonic. Let A, (lj) j”= 1, and (rj) ,“= , be as in Definition 2.7(b). Let g be the 
homeomorphism of a neighborhood of a1 in Et onto a neighborhood of a2 in C, induced by 
the conjugacy, and h = s2 o g 0 s; l (where defined) the induced homeomorphism between 
neighborhoods ofOin (0, 11. By Proposition 2.2and Lemma 2.3, lim [r(s) - r’(h(s))] exists 
s-o+ 
and is finite. Call it L. 
Then for all sufficiently large j, h-‘(lj) and h- ’ (rj) are so close that 
r(h-‘(lj)) < r’(h(h-‘(lj)))+~+~= i.(lj)+L+~ 
and 
s’(rj) = Y(h(h-‘(rj))) < r(h-‘(rj))-L+$. 
Since h- l preserves order and r is asymptotically monotonic on a neighborhood of 0, for all 
sufficientlylargej, s(h-‘(r,)) < r(h-‘(I,))+ (A/~),so theinequalitiescombine to yield S’(rj) 
< r’( lj) + (5/6)A, contradicting the choice of A and sequences (lj) T= l and (rj) j”= 1 , 
Conversely, suppose 5’: (0, l]- R+ is asymptotically monotonic, and let 6,g’: (0, l]- RC 
be continuous, monotonic, and such that lim [r(s)---(s)] = 0 and lim [r’(s)--‘(s)] 
s-o+ s-o+ 
= 0. Then for some E, 0 c E I 6, we may define h: [0, E] -+ [0, l] by 
h(s) = 
0, s=o 
(o’)_ l (44 h s # 0. 
Clearly h is a homeomorphism onto its image. The induced map g = s;’ o h o sl , where 
defined, is a homeomorphism of a neighborhood of a, in Cl onto a neighborhood of a, in x1, 
and clearly satisfies lim [s(p) - r’(g(p))] = 0, (p E I1 ), so the result follows from 
p-0, 
Proposition 2.2.M 
Remark 2.10. Suppose X is a C’ system with an isolated singularity po, and r the transit- 
time map between entrance and exit sections Z and 2 in some closed, regular hyperbolic 
region at po. If the system X is resealed by a constant SE R +, then T changes to S- ’ T. It is clear 
that, if T is uniformly non-monotonic, and such that ~(p~)--~(p~) is uniformly bounded 
below for all p2 > pl, then when S + 1, for no homeomorphism g: Z + E does lim [s(p) 
- .S-‘.r(g(p))] exist (where a is the unique point of Z on the stable separatrix). Thus 
{ 5x15 E W + 1 is a one-parameter family of vector fields, all topologically equivalent, but no 
pair topologically conjugate on any neighborhood of po. This loss of conjugacy by resealing, 
which does not occur (at least not in neighborhoods of singularities) for vector fields with 
transit-time maps that are asymptotically monotonic, is reminiscent of the effect of resealing 
in the presence of closed paths. 
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$3. EXAMPLES OF EQUIVALENT BUT SO5COSJUGATE SITGULARITIES. 
In [3] F. Dumortier showed that if c is a finitely determined singularity, with a 
characteristic orbit, of a C” vector field X (or Ck, k large, depending on X), then in any 
hyperbolic sector at c, without elliptic portion, the transit-time map is monotonic. He 
concluded that two finitely determined singularities of vector fields are topologically 
conjugate whenever they are topologically equivalent (compare Theorem 2.4 and 
Proposition 2.9). From [2] and [3] we know that, when there is a characteristic orbit at c, the 
singularity can fail to be finitely determined either by failing to satisfy a Lojasiewicz 
Inequality, or by loss of differentiability before a determining jet is reached. In this section we 
construct pairs of singularities of vector fields, each with characteristic orbits, which are 
topologically equivalent but not topologically conjugate. One pair contains singularities of 
C” vector fields which escape finite determinacy by being infinitely flat along a line segment 
through the singularity. In each of the remaining pairs, each vector field satisfies a Lojasiewicz 
Inequality, but one evades finite determinacy through loss of differentiability at the 
singularity. We provide a Ck example for each k E Z, k 2 2. 
THEOREM 3.1. For p 2 2 a positive integer, let 
X,(x, y) = - xp ; + yp & 
_1 _I 
Let X=(x,y)= -x~~(x)-&+J’ .F(J)$ 
where9(0) = 0, .9(x) = exp( -x-‘) when x # 0. For each p~{2, 3,4, . , m) there exists a 
vector field Y, on W’ such that: 
(i) Y, = X, off the set Q = {(x, y)lx > 0 and y > 0); 
(ii) Y, is C” on Rz - {(O, 0)} and CP- ’ on W’(soY, is C” on 2.‘) and, when p isfinite, satisfies a 
Lojasiewicz Inequality at (0,O); 
(iii) Y, is topologica[ly equivalent to X, on W2 (infact, Y, has the same paths as X,); and 
(iv) Y, is not topologically conjugate to X, on any neighborhoods of (0, 0). 
Proof: For all p ~{2,3, . . . , m), the transit-time map for X,, for any two sections of the 
hyperbolic sector Q, is monotonic. Y, will be constructed by resealing X, by a function F,: R2 
-+ [l, 2) c R that is greater than 1 on a sequence of flow boxes in Q that converge to (0,O). 
This will speed up the flow along certain trajectories, but leave it unaltered along others, in 
such a way that thecorresponding transit-time map forY, is uniformly non-monotonic. Then 
(iv) will follow from Proposition 2.9, and (i) and (iii) will follow by construction. Then (ii) will 
be established. 
The proof naturally divides into two parts, the case that p is finite, done first, and the case 
p = ;o. Hence, fix any value of p E { 2,3, . .I. We write just X for X,. We choose a pair of 
constants i, < satisfying the inequalities i < < < < 1 < 5 < 2 and one other condition, given 
below. For each iE Z’, set di = (i,i, vi = fdi = ($)“I. ui = <vi, and \vi = <ci. Let Ui 
= (di, ui), Vi = (di, vi), and Wi = (di, wi). Let rii, fii, G,i be, respectively, the ordinate of the 
unique point of intersection of oi( Ui), oi( Vi), oi( Wi) with the line with equation _V = 5. Let 
ai=ti,,b,=~ai+~di,andci=fai+~di,andlet.~i=f(x,~)~aiI~~di~n{o~~(d,~y)Iwi 
I y I ui}. Let Ci = {(di, y)lO I y I <diJ and gi = {(x, di)jO I x I idi). (See Fig. 2.) Then 
ox( 3,) A ox( pj) = 0 if i # j, since uk+ 1 < wk for all k. Let rp,i: (0, <di) -+ 2 be the transit- 
time map for X determined by the sections xi and &, where we take the ordinate of points on 
Ci as the parameter. 
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Fig. 2. The flow box 9,. 
The system X = X, can be integrated directly, to find iii = cli, fii, and rC, explicitly, yielding 
(2) d,-ci=ci-bi=bi-ai=+(A-l)d, 
(3) ri,- I:‘ = Cdi 
(4) Ci - 6, = Dd, 
where C and D are positive constants (independent of i) whose value is not important. 
Moreover. the time ~~ required to move, under the flow of X, from the line x = Ci to the line 
x = bi is ~~ = (p-l)-’ [b,?-P-c,?-P], and, for any k near 1, ri(kui) = (p- l)-‘[($k)‘-P 
- l] C(i)’ -“Ii. We also find, by direct computation, that if X is resealed by .S > 0, then time pi 
is reduced by Tunits if S = ~~(7~ - T)-‘. Let Si be the choice of S corresponding to T = ri(Ui) 
- si(:vi)+ 1. 
By equation (1) and choice of hi and ci, 
oi = B(2P_ l)i+ 1, B=(p-1)-‘3P-1[(2A+1)1-p-(A+2)1-P]. 
and by the expression for Ti(ktii), 
T=G.(_)P-1)i-1,Gi=(p-l)-1[l-r1-P+(p-1)(21-P)i~1], ‘ - 
so that 
si-1 = 
Gi2P- ’ 
B - G,ZP- ’ 
If we regard < as a variable with values between 1 and 2, then A, B, and, for each i, Gi, are 
continuous functions of 5; moreover, A( 1) = [+j( 1 - 2p- ‘)]A c [_i( 1 + l)]A = 1, so 0 
<A(l)< 1~henceB(1)>0.0ntheotherhand,Gi(l)=(2L-p)ic1 >Oandtendstozeroasi 
tends to infinity. Hence, for some I E Z’, 2p- “G,(l) < fB(l), so there exists < > 1 so that 
2p- ‘G,(S) < iB(<). Fix this choice of 5, and choose < between 4 <and 1. Since (for < now fixed) 
Gi decreases with increase in i, for I’ 2 I, Sp_i - 1 is positive and bounded by S, - 1. 
To construct the scaling function P,: z2 + R that produces Y, from X = X,, we first 
define a mapping H: Q + Q that carries each flow box .yi onto the corresponding rectangle 
~pi = I(--l,=2 , )iais-_isdi, &I- -z I Gi}, preserving vertical lines, and sending each path of 
X in Q onto the horizontal line through its unique point of crossing with the Iine with 
equation J = x. Using the expressions in Cartesian coordinates for the paths of X, we obtain 
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H(s, y) = (.u, h(.u, y)), where 
/2(.x, )‘) = [+(.G-P+J-p)]* 
Now we define a C” bump function of the form gi(:i) 1;:(z2), with support .Bi, which will 
be pulled back to 3, by H. Let ;J: ‘2 -+ [0, l] c R denote the C’ bump function, as 
constructed in [5, $2.21, with the property y(s) = 1 for .Y I 0, y(x) = 0 for .Y 2 1, j”(s) I 0 for 
all x. Using formulas (3) and (4) for iii - ci and Gi - rci, we define 
_A(-) = 
i 
(Si - l);‘(C_‘di’ Z-C-‘fi,d,-‘), if 2 2 ci, 
(xi-- l);‘(-D-‘d;‘:+D-‘t;,n;‘), if z I fi. 
This makesJ a C” bump function with support [Gi, ;ii] and having global maximum of Si - 1 
at : = ci. Using formula (2) for bi - ai, ci - b,, and di - ci, we define 
I 
0 if z I ai 
7(--3(A- l)-‘d;‘z+3(,4- l)-‘bid;‘) if a, I z I bi 
.C.li(z) = 
7(_3(,4- I)-id;‘;- 
if 6, I -_ I ci 
3(A- l)-‘cidi-‘) if c, I : I di 
0 ifdi I: 
which makes gi a C” bump function which has support [a,, di], is identically 1 on [bi, ci], 
increases monotonically on (Ui, bi), and decreases monotonically on (ci, di). 
Finally we define F,: ?’ --+ ?? by 
F,(x, V) = f gitx) ‘f;fhtx, Y) h 
i=/ 
where I is chosen, as above, so large that Si - 1 is positive for i 2 I. For any pair (x, _r). at most 
one term in the sum is nonzero; 
Supp F, = G bi u{(O, 0)), Fp(O, 0) = 0, and F, is C” on !?* - [(O, O):, 
i=l 
but is not necessarily smooth at (0,O). 
We now assert that, for each PE {2, 3, . . ;, the vector field Y,(x, y) 
= (1 + F,(.u. J))’ X,(x, J) has properties (i) through (iv) of the theorem. 
By construction, (1 + F,(x, J)) = 1 on 2’ - Q, so (i) holds. Because Y, is a resealing of X, 
by a positive function, it has the same paths as X,, so the identity is an equivalence betweenY, 
and X,, giving (iii). 
For any circle centered at (0, O), however small its radius, there exists J E B A, J L I, such 
that 1, and 2, are inside the circle. For all i 2 J, ox( U,), o,~( Vi), and ox( Wi) intersect C, and 
2,. By construction, F, = 1 on ox( LJi) and on ox( W,), but F, z Si on the portion of o,G( Vi) 
between the vertical lines x = bi and ?c = ci (which are closer to the y-axis than the line .Y = d, 
containing 1,). Hence by choice of Si, the time of transit from Z, to 2, underY, is at least one 
unit less along ox( Vi) than along o,~( Cri), so that the corresponding transit-time map, ry,, of Y, 
is uniformly non-monotonic, whereas that of X, r,, is monotonic. By Proposition 2.9, (iv) 
follows. 
It remains to establish (ii). That Y, is C” away from (0,O) follows by construction, as does 
the fact that Y,,, satisfies a Lojasiewicz Inequality. 
It remains to show that Y, is C p- ’ at (0,O). It is’ apparent from the definition off, and gi 
that there exist positive constants L, and .M, independent of i, so that for every k E Zc (0): 
(5) If\‘) (:)I I L,.(&- l).dLk for j = 0, 1, , k, for all z E R2. for all i 
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(6) jgj” (:)I 5 MI, .d;k for j = 0, 1, . , k, for all 7 E x’, for all i. 
Because h(.~, _r) is homogeneous of degree 1, every kth partial derivative is homogeneous of 
degree 1 - k, so for every k E Z + u (01, for every m E (0, 1, . . . , kj, for r E R + and 0 E R, 
?“h 
(rcos8,rsin6) =rl-’ 
i I 
pkh 
Lx”S_v~ - * Sxm+k- m 
(cos 0, sin 0) I R,r’-” 
for some positive constant R,. Since on bit 
r = r(x, y) > r(Gi, Gi) = 5 di, 
there is a positive constant K,, independent of i, so that for every 
jE{O, 1, . . ,kj,mE(O, 1,. . .il, 
(7) 
Ckh 
s.Y”c’y’- m 
(x, J) I K, d!-” for (x,y)~ s .Ypi. 
i=l 
Writing out explicitly the finite sum of products that constitutes any jth order partial 
derivative of gi(X)‘A(h(X, y) ), and using estimates (5), (6), and (7), we obtain a positive 
constant N, (independent of i). such that for all in Z+, 
2’ 
~ums~j_” gi(X)fi(h(X, Y)) ’ Nk’ Csj- 1) drk 
forj=O,l,..., k,m=O,l,..., j,forall (x,y)~.Y~. 
Now for kE{O, 1,. . . ,p), for rn~{O, 1,. . kj, 
Sk 
p-i 
dk-j 
ax”- jz,k-m F,(x? y). 
Hence by (8) and the fact that 0 < x I di on -Pi, we have for (x, y) E Pi, for i 2 I, 
dk 
h”dyk - m C(1 x f-,(x, Y))4 5 5 (7) 
j=O 
Ad;-%V,(S,- l)d;‘+’ 
< P,(sj- l)d?-’ 
for some positive constant Pk that is independent of i. Similarly, there exists a positive 
constant Qk, independent of i, so that for (x, y)~ 9i, for i 2 I, for ke (0, 1, . . . , p), for 
mE(O,l,. ..,k), 
-k C 
But since 9 and yP are (p - l)-flat at (0, 0), and, for 
bounded, these estimates imply that, for k E (0, 1, 
d’ 
< Qk(Si - 1) df’-‘: 
i 2 I, the numbers Si - 1 are uniformly 
. . 1 p-l}andm~{O,l,..., kj, 
lim 
(X. y, - (0.0) 2.x” dyk-m 
(I+ Fp(x, Y))x”. 
and 
-k 
lim 
C 
k).)-(O.O)~X”dyk-m 
(I+ F,(X, Y))Y’ 
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exist and are zero. Hence by p - 1 inductive steps, YP is Cp- ’ at (0,O). This establishes the 
theorem for the case p finite. 
For the case p = YJ, let di, ui, Ci, M;i, Ui, Vi. Wit rii, ci, Gji, Ci, and fi be exactly as for p 
finite, and let ri denote the transit-time map for X, determined by Zi, and ci. The type of 
flow box used in the case p finite, which facilitated computation of the exponent on di in (8), 
will not work in the case p = x, and must be modified. This will complicate the derivative of 
the bump function, but in a way which is not important in thiscase (specifically, theconstant z 
appearing below need not be computed). 
Now let X denote X,. 
Once and for all choose <, <, 4, and $ satisfying 
(9) + <4<1(/<1, 
(10) 4--+-*-*-z < 0, 
and 
(11) 0<:5:<;<1< 2 <5<2l$. 
ITS 
To simplify notation set Q, = $J-*, II/ = J/-‘, E = <-‘, and Ei = exp (n;*) = exp (4’). 
Let ‘pi = {o:,(di, y)lWi I y I Iii} Tl {X, y)\O 5 X, y I I// di 1 
(See Fig. 3.) 
Integrating the system X = X,, we can find z&, I?~, r3, explicitly. In fact 
tii = (In[exp(d;2)+exp( (+<)-*dim*)] -In2)-“2 
= (d;2+In[1+(expd;2)4~-‘-1n2)-112 
< d,{l +d,Z In[exp(d;*( (+<)-* - l))] -dFln(exp d;‘)]-“’ 
= di[(+<)-2- 1]_“2 
On the other hand, since (*<)-” > 1, 
iii > {In[2 exp( (fr)-‘d;*)] -ln2}-“* = +tdi. 
Thus 
+tdi < i& < [(i,)-,- l]-“z&. 
x 
d 
Fig. 3. The tlow box Pi. 
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Similarly. 
fdi < I& < ’ d 
pi 
and 
);di < Gi < [(f;)-2 - 1]-“2 
so that we may write 
(12) iii = Aidi, where 4s < Ai < [(i;‘)-‘- 1]-1’2 
(13) 
1 
lii-ci = C,d,, where $<-?, < Ci < [(ii)-‘- 1]-1/2-$ 
(14) fii--\ci = Didi, where i-[(-!<)-2- 1]-“2 < Di <$$-_k<, 
Since < < 1 and < > every term in these estimates is positive. 
Using the symmetry of the system with respect to the line with equation y = x, we find 
that the time CT~ required to flow along os( Vi), under the flow generated by X, from the line 
with equation x = c$d,, to the line with equation y = #di is 
ci = f[ Ei + E; - 2EF], 
and that, for k near 1, 
ri(kui) = i[exp(i kdi)-2 - exp (dL2)]. 
If X is resealed by S > 0, time oi is reduced by Tunitsprovided S = ai(oi - T)- ‘, Let S’i be the 
choice of S corresponding to T = Ti defined by 
(13 Ti = Ti(ui) - ri(<ui) + 1 = +[Ej - E;‘+ 23. 
We now claim that, for all i sufficiently large, 
(16) ci- Ti > EF. 
For 
bi - ri = +[ Ef= - 2E” + Ei - 21, 
so (16) holds if and only if 
< < 2’+‘{ln[4E”(l -aE;-*++E;“)]j-1’2 
= 2~{1+~24-i(ln4+ln[l-~~f-0+~E;0]))-1’2. 
But by (9), the term on the right is less than 24, and tends to 24 as i increases without bound, 
so validity of (16) follows from (11). Now since Si - 1 = 7;,(a, - ri)- ‘, equations (15)and (16) 
together imply 
(17) ,$ - I < +[E;-*- E;z-*+ 2E;“]. 
To straighten the flow box 3, we introduce polar coordinates (ri, Oi) on R2 with pole Oi 
= (rl/di, I(ldi) and polar axis {(x, y)lx 2 IC/di, y = Il/di}, and set qi(x, y) = Oi(x, y) - n. As in the 
case p finite. we compute the ordinate h(x, y) of the unique point where 0:(x, y) crosses the 
line with equation y = x, obtaining h(x, y) = {ln(ex-’ + ey-‘) - In 2)- I”. Choose an open 
neighborhood @i of 3, such that qi (x, y) is C” on Bi and 8, n 8, = 0 ifj # k. Then Hi: gi 
-+ R2: (x, y) + (qi(x, y), h(x, y)) is C”, and maps pi onto the rectangle 
ai = {(z,, z,)lO I Ii I;, ,ci I z2 I r$}, 
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carrying paths of X in .Pi to horizontal lines. and carrying rays through Oi in 
lines. 
The coordinates of the unique point f, of intersection of o,G(V,) with 
equation x = 4di are 
If 
(.Ui.fi) = (4di. {ln[E~+Ei-E~];-1’2. 
(see Fig. 3) then 
xi = $-‘]i(-ui,_ig 
Xi = arctan 
3. to vertical 
the line with 
= arctan ( (ti--4) ctY ~())i-~ln[E~(l-E”-“+E;3)]~-“2 1 
= arctan 
( 
i-0 
$-+{l+ln[l -EF-1+E;3])-’ z ’ 1 
since by (9) 1 < 4 - 0 < 3 
(18) 
ti-4 
X, > arctan li/ _ l,2 ~ = X but lim Xi = X. 
i- r 
Now define A, gi: R --t Rc u {0) by 
fi(=) = 
(Si- l)~(C;‘d,~l--C;‘L:irli) if z 2 Gi 
(Si- l);(-D;ld;‘z+~;lt!idi) if z 5 ci 
and 1 0 if-_20 ‘/(-Xi-‘-_+ 1) ifOIzIJf?i Glib) = 1 ifXi5z14--Xi 
s(x;‘z-X;‘(~--Xi)) iff-XiIzI$ 
0 if 4 I z. 
Then the function Fi: R2 -+ [0, l] defined b!, 
Fi(X, y) = 
i 
0 if (x, p) # .gj 
9i(4itx3 L’) 1 f,(h(% y)) if (x, J) E ‘Pi 
is a C” bump function with support .Pi. Note that Fi(x, j,) = Si - 1 on the portion of oi( Vi) 
between pi and its symmetric point with respect to the line with equation ~1 = x, and Fi(x, y) 
z 1 on o:( Ui). Finally, we define F,: R2 ---) [O, l] by 
Fo(X, 13 = f Fi(x, FL 
i=l 
and assert that Ym(x, J) = (1 + F, (x, y))X, (x, J) has properties (i) through (iv) of the 
theorem. All but smoothness of Y, at (0,O) follow as in the case p finite. To establish 
smoothness, we first estimate 1 F,,(x, y)I for (x, y) near (0, 0). 
It is clear from the definitions off, and gi and estimates (13), (14) and (18), that there exist 
positive constants L, and Mk, independent of i, such that 
(19) lfij’(z)l I L,(Si- 1)d;’ forj = 0, 1,. . , k, 
for all zE 2, 
for all i 
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and 
(20) 1g{‘)(:)/ I .\I,. forj = 0. 1. . k. 
for all I c 2. 
for all i. 
Since for the usual polar coordinates (r. 0) it is true that - 
F.u” (’ rn 
(x, I.) = P(x, _V) (x2 + !.‘)-t, 
where P is a polynomial in x and J’ of degree at most k, there exist positive constants 9, such 
that 
forj=O,l..... k.m.nEZi{Oj,m+n=j 
for all i. 
But from the expression for rii. (13) it follows by a manipulation as in the proof of (16) that 
ljm 2 = AZ, 
i-_ldi 2’ 
Thus for any R’ > 1, there exists I such that i 2 I implies o,G( Ui) remains below the horizontal 
line J = Ri<di until after it crosses the line J = x. By symmetry of ox( Vi) with respect to 
.V = x, oq( Vi) approaches ( IC/di. $di) no closer than Ri = ($ -ii?<)di. Choosing w > 1 so 
close to 1 that I/I -ii?< > 0 (possible by (9). (10) and (11)) for the corresponding I, using (20) 
we obtain constants J,, independent of i. such that 
To estimate derivatives of h, we first note that in Q. h(x, y) < max{x, ~1, so h(x, I.) I 1 on bi, 
for every i. By induction on k, we find that, for all k E HC u (Oi, and for m E (0, 1, . . . . k 1, 
Zkh 
~.~m~L.k-m 
(x, y) is a sum of constants times terms of the form 
(h (x, 13 1” A,, c. d (x, ,.)x - er’ -I 
where 
Ab.c.d(~, y) = [exp(x-‘) + exp(y-‘)]-b exp(c.xe2) exp (dv:-‘) 
and a, b, c, d, e and f are non-negative integers such that c + d 15 b and e + f I 3k. Moreover, 
under these conditions on b, c and d, A b.c,d(x, J) I 1 in Q, for letting X = exp(xe2) and Y 
= exp(y-‘), since X,Y 2 1, it certainly follows that 
X”Yd XCYd 
A ~ b.c.d = (y+y)b' (x+y)c+d' 
That the quantity on the right js bounded by 1 follows from induction on c + d: 
Xc+‘P X XY 
(x+y)c+l-d = 
_. 
(x+Y) (X+Y)chd 
and 
xyd+’ Y Xrl 
=p 
(X +Y)r-d-r (x+Y) (x+Y)C-d’ 
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Because (x, y) E Bi implies x, y > fjdi, there exist positive constants Kk, independent of i, 
such that 
(23) 8’ dxmzyj- m (x, y) 5 P K,d,T” 
i 
for all i 
for alljE{O, 1,. . . ,ki,m~{O, 1,. . . ,jj 
for all (x, _v) E .Pi. 
By definition of Fi(x, y) and (19X (20), (22) and (23), there exists a constant ZE Z’, 
independenr of both k and i, and positive constants L,, independent of i, such that 
(24) d’Fi axmdyj-m (x,y) 5 Lk(Si_ l)dF’k 
It is easily established by induction 
for all i 2 I 
for alljE(0, 1,. . . ,k),mE{O, 1,. . . ,j} 
for all (x, y) E R*. 
that, for z # 0, 
$ (zSS(z)) = w,(z)z-3kY(z) 
where W,(z) is a polynomial. Since (x, y)~ qi implies &di < x, y < I(/di, there exist positive 
constants wk, independent of i, such that, for any jE {0, 1, . . . , k), 
(25) 2 (x3y’(x)) < Wkd;3ke-W)-’ = W,d; Sk E: * , 
for x the abscissa of any point in yi, for any i E Z+, and similarly for ordinates ofpoints in .Pi. 
Thus by (17), (24) and (25), for any ke Z+ u CO}, there exists a positive constant Tk 
(independent of i), such that, for any m, n E Zf u {0} satisfying m + n = k, and for any i 2 I, 
then whenever (x, y) E 9i, 
ak 
- F(x, y)x3S(x) 
axmay" 
I 2I-,d;” E,:$ (si - 1) d;=’ 
< rkd;(3+z)k [Ef-“- “_E;“-“- b+ 2E;‘+“I. 
By (10) and (1 I), the exponent of Ei = exp(4’) is everywhere negative, This together with the 
fact that x39(x) is infinitely flat at 0 implies that the limit as (x, y) tends to (0,O) of any kth 
partial derivative of F(x, y)x3S(x), exists and is zero. Thus - F(x, y)x3S(x), the horizontal 
component of Y,, is CL at (0, 0), hence is Ck on W’, for every k. Similarly (using the analogue of 
(25)), the same holds for the vertical comp0nent.m 
$4. QUESTIONS. 
We close by listing a few questions naturally raised by this study. 
Question 4.1. Let X be a C’ vector field on an open subset of R2 with an isolated 
singularity at po. Suppose there is a finite nonzero number ofseparatrices (hence with respect 
to any canonical closed curve, a hyperbolic sector at po). Any Ck vector field Y with the same 
configuration of sectors at an isolated singularity go is topologically equivalent near go to X 
near po. Must there exist a C’ vector field Y with an isolated singularity q. which is 
topologically equivalent, but not topologically conjugate, to po? 
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We can always provide an example of a continuous flow near p0 which has precisely the 
same paths as the original. but is not topologically conjugate to it in any neighborhood ofp,. 
For if S is a hyperbolic sector of X at pO, then the flow in a neighborhood of p0 in Cl (S)either 
is or is not topologically conjugate to that of X,, in a neighborhood of (0,O) in Cl (Q) (for any 
p, by Proposition 2.9 and the monotonicity of transit-time maps). If it is. and if h is the 
conjugating homeomorphism, we obtain an equivalent, non-conjugate flow p(t,p) on a 
neighborhood of p0 by defining 
p(t, P) = rl,(t. P) P&S 
v(t,p) = h-%y,k h(P))) P E S(open). 
This is continuous along separatrices by part (i) of Theorem 3.1. If the flow of X in Cl(S) is 
not conjugate to that of X, in a neighborhood of (0,O) in Cl(Q), then we may choose any 
topological equivalence h of closed regular hyperbolic sectors in Cl (S) and CL(Q), and in the 
same manner use it to insert an equivalent but non-conjugate flow (with identical paths) in 
Cl(S). 
Question 4.2. How smooth a vector field can have a singularity approached by infinitely 
many separatrices? 
Question 4.3. How smooth a vector field can have an isolated singularity with a hyperbolic 
sector. but no characteristic orbit, yet also satisfy a Lojasiewicz Inequality at the singularity? 
Question 4.4. What conditions on r: (0, l] + R A characterize its being realized as the transit- 
time map in a hyperbolic sector at a singularity of a C’ vector field (for some r)? 
Question 4.5. Choose the uniform C” topology on vector fields on the unit disk. When are 
conjugacy classes of C” vector fields with an isolated singularity at (0,O) open, relative to 
topological equivalence classes, in this topology? 
They are obviously open if there are no hyperbolic sectors, or if there are but the 
singularity is hyperbolic. A conjugacy class is clearly neither relatively open or closed if the 
transit time map of a hyperbolic sector is uniformly non-monotonic (Remark 2.10). 
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